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Abstract

It's becoming more common for hypergeometric functions to be used in fields such as
Statistics. There is an introduction to the g-hypergeometric series, or basic hypergeometric
series, in the course notes, as well as some basic summation and transformation findings.
An attempt has been made to create equations for basic and polybasic hypergeometric
series using a known identity and summation formulae for truncated g-series.
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Introduction

In mathematical analysis and its applications, the hypergeometric function 2F1(a, b; c; z)
is critical. These problems include conformal mapping of triangular domains bounded by
line segments or circular arcs, as well as many quantum physics problems. This function
allows us to solve these and many more. The majority of the functions encountered in the
investigation are hypergeometric function variants. A series can be summed into an
elementary function when a hypergeometric series is first introduced and investigated by
Gauss. It is possible to use the contiguous function relations to evaluate the contiguous
functions of a hypergeometric function, as well as to derive the summation and
transformation formulas for such series. Differential equations with a second-order
hypergeometric coefficient can alternatively be expressed as solutions to hypergeometric
functions. Hypergeometric series evaluation, derivation of summation and transformation
formulas for such series, and evaluation of the contiguous functions to a hypergeometric
function are all applications of the contiguous function relations.

The advent of more powerful computer hardware has had a profound impact on how
numerical computations are done. Iterative processes in numerical methods include making
a series of approximations and then hoping that the process will eventually lead to the
correct solution. The use of computer-oriented numerical approaches has permeated every
aspect of modern scientists’ work and research. There has been a remarkable gain in
numerical computing efficiency and speed due to the development of ultra-powerful
computers.

Application

Applications of a Bailey-type Transformation

If Kk is set equal to aq in the definition of a WP Bailey pair,

n
kja),_i (K)psi
PR I GOSN
— (Q)n—j(aCI)n+j
j=0
This equation becomes B, = }/_oa when simplified. Despite its simplicity, the
connection between the a,'s and the B,'s has several interesting ramifications, such as

several new basic hypergeometric summation formulae, a connection to the Prouhet-Tarry-
Escott problem, and new identities of the Rogers—Ramanujan—Slater type.

a(a,k),
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Review of Literature

A wide number of extremely interesting results contiguous with the Gauss second,
Kummer, and Bailey theorems for the series 2F1 have been obtained by Lavoie et al.
Hypergeometric series and their contiguous relationships are discussed in length in this
chapter.

Many contributions were made by R. P. Agrawal [Agrawal (1967)], [Agrawal (1976)], and
[Agrawal (1981)]. For his dissertation, he worked on fractional Q derivatives, g-integrals,
and mock theta functions. He also did combinatorial analysis and extended Meijer's G
Function, Pade approximants, and continuing fractions. Quadratic transformations of
fundamental series were studied by W.A. Al-Salam and A. Verma (Al-Salam et al., 1972).
Not at all.

In 2012, Mubeen and Habibullah [25] defined k-fractional integration and gave its
applications regarding fractional integrals. In 2012, Mubeen and Habibullah [26] also gave
a useful and simple integral representation of some confluent k-hypergeometric functions
1F1, and k-hypergeometric functions 2F1,k. Furthermore, in 2013, Mubeen [27] defined a
second order linear k-hypergeometric differential equation k(1 — kz)wBE + [c —
(a + b + k)kz]wB —abw = 0 having one solution in the form of k-hypergeometric
function 2F1,k(a, b; c; z).

He studied the generalised q hypergeometric function and continuing fractions under
Bhagirathi. To study the transformations of basic hypergeometric series without termating,
V. K. Jain and M. Verma used their contour integrals and applications to Ramanujan
identities.

When it comes to basic hypergeometric functions, one name stands out: H. S. Shukla
[Shukla (1993)]. They worked on summation formulas for ghypergeometric series,
summation formulas for non-terminating basic hypergeometric series in, q analogue of a
transformation of Whipple, and transformations between basic hypergeometric series on
various bases and identities of RogersRamanujan Type. BD Sears [Sears (1951)] worked
on basic hypergeometric function transformation theory. There has been research into the
identities of Roger Ramanujan types done by the late P. Rastogi [see Rastogi (1984)]. They
studied the transformations of the basic bilateral series' products and their transformations
by A.Verma and M. Upadhyay (Verma et al., 1968)).

At that time, Morita calculated the hypergeometric function 2F1[n + 1/2,n +
1/2; m; z] using Gauss contiguous relations. Hypergeometric functions and orthogonal
polynomials were discovered in 1996 by Gupta et al. [12]. In 2002, Vidunas used
contiguous relations to expand the Kummer identity. There have been numerous attempts
to compute these generic contiguous connections, but Vidunas was the first to establish
several features of the coefficients in 2003 and offer efficient methods for doing so. When
Rakha and Ibrahim [15] studied 2F1's contiguous relations in 2006, they discovered some
surprising results. The contiguous relations and their computations for 2F1 hypergeometric
series were derived in 2008 by Ibrahim and Rakha [16]. As a linear relationship between
three shift Gauss polynomials in the parameters a, b, and c, they discovered the intriguing
formula they used in their research.

There have been recent publications by Denis, Denis and Singh and Singh that describe the
establishment of poly-basic hypergeometric series transformations. After that, they were
able to derive sums and multiplications for poly-basic hypergeometric functions, which led
to some fascinating transformations.. The findings presented here support a reorientation of
the g-series (basic hypergeometric series) theory.
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Research Methodology

In 1947, the Proceeding of the London Mathematical Society published Bailey's significant
contribution to hypergeometric and fundamental hypergeometric series, particularly. The
following is a significant finding from the study that was later dubbed Bailley's
transformation:

n

Lf .Bn = z arun—rvn+r'
r=0

o0
= Z 6rur—nvn+w

r=n
where a,. , 8, ,u, ,v, are functions of r only, such that the series for y, exists.
Result and Discussion
THE g-BINOMIAL THEOREM, THE g-GAMMA AND g-BETA FUNCTIONS.
The g-binomial formula is the most basic summation formula in the theory of fundamental
hypergeometric series:
100[a; —; q; 7]

z (@ @n o= _(az9).
@G @D

Heine's proof of (1) Was based on the observation that both sides of (1)

satisfy the fundamental equation

(1-2)f(2) = (1 - az)f(az), (2)
which, together with f(0) = 1, determines a unique analytic function f(z) inside the
unitcircle.

For (0)<g<lI, the g-gamma function is defined by

lz| < 1. (1)

() = ((qx. q))w (1-q)'"™ Rex>0, (3)
was first |ntroduc§d by Thomae [1] and later by Jackson
Alsolimq - 1,T,[x] = T'(x). (4)
In view of [3] it is natural to define the g-beta function by
()
B,(x,y) = A9V )< q<1,Rex,y
g To(x+y)
> 0. (5
By [1.2(A).3] and [1.2(A).5] we have
(q,9*7; )y
B,(x,y)=(1—-q)——————
a(6y) = )(q /@5 @)
—a- (q, Deo 2 (9”5 D -
(qV Do Lt (G

n+1
—(1- )Z + ,q)w -
@5 @)
Thomae and Jackson mtroduced the g-integral

1
f F©)dyt
0

=(1-9) ) fl@)a", ()

n=
which was generalized by Jackson to
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fa Oyt = fo f©d, ¢

—f f(®)d, t (7)

0

With

j F(©)dyt

0 0

= a(l—q) ) fag™q", (8)
and "

f F(©)d,t

0 o0
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Transformations of poly-basic hypergeometric functions
We shall establish certain transformation of basic hypergeometric functions with more than
two bases.

n n—k n n—k
WY @) =) 4 ) o
k=0  j=0 k=0  j=0
a,y;q; q] _ laq,yq; qln
ayq Iy [q,ayq;qln
a,q/a—qa e q; 1/6] _ _[ag,eq:qly
Ja—aaqre |~ la.aq/eqlye”’
) P_ !bﬁ ld
605 0,4y~ qya,bc 5 q; ql
\/E,— \/E,aq/b,aq/c,aq /d
_ [aq,bq, cq,dq; q]n
lg,aq/b,aq/c,aq/d;q]y
(D) With a=bcd.
(E)z (1 — ap*q")la;plilc; alic™ _ [ap; plaleq; glnc
(1 —a)lg; qlklap / c; plk [q; qlnlap / ;]

(B) 2c1>1[

(C)423 [

N

—k

i (1 — ap*q*)(1 — bp*q~™)[a; b; pllc,a / be; qliq"
(1 —-a)(A —b)lg;aq/b;qlklap/c,bep; plk

[ap; bp; pl.[cq; aq/bc; qly

[q;aq/b; ql.lap/c, bep;pl,

(F) =

If we take
@ = (1 — ap*q")[a; plk[b; qlib ™"
‘ (1 —a)[g; qlklap / b; plk

[c, gV, —qVc, d; ql
[qlr \/E' _\/E' cqq / d; ql]kdk

Ak:
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in (A) and use (C) and (E), we get
E D4 [b= apq;a,dqi"/c,q1"; 4, 9,0, q1; 1 / bd]
—tazap/b;q;"/c,q1" / d
[bq, ql.lap, pl.lg:1,cq:/d; q1].(d / B)"
[4; qlnlap / b, plnlcqr, dqy; qaln
e Ic. qVe, —qVe, d:bp™/a;q7" q1,p,q;1 / bd; 1/ bdl_
\/Er _\/E' qu/d :p—n/a;q—n / b

(i1) Again, if we set

_ (1 —ap*q")[a; plk[b; qlib™*

% T A—o)lg qlklap / biple
And

_ [e,d; qulie[b; qliat
“ T leday; qalklan alk
in (A) and use (B) and (E), we get
D4 [b= apq;a,q1"/cd,qi"; 4,09, 0.91; 1/ b]
—azap/b;q1"/c,q1" / d
_ _lap,plalbp, qlnledqs, q1; quln b7 x
lap/ bc; Z]% la; Y?}T& Lcay, day; ail, /b
x 403 [ ' qul:p,‘z/a';qc;’}:’/q'bq1 ]
(iii) Further, taking
o, = L= aP'a)( — br*ala biplilc,a/ be;qlid”
A (1-a)(1 —b)[q,aq/b;qlclap/c,bep; plk

A, = [c, CI1‘/H'—CI1‘/E»€1 q1lk
=
[(h:\/a: —\/a'd(h / € qi]iek
in (A) and using (C) and (F), we get
807 [c. a/bc:apq;bp/q: ab:eqi"/d,qi";q,04,0/9..9159 / e]
aq/b: a;b cap/c,bcp:qi"/d,qi" /e
[ap, bp; pl.lcq,aq / bc; qlalq1,dq1 / €; qi]ne™ o
[ap/c,bep;plalg, aq/b; ql,[dqs; eqq; g1l
X 807 [d' ql\/al _CI1\/H; e: q—n’ bq—n/a : cp_”/a,p_”/bc 41,9, D 1 / el
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(iv) Next, taking
L _a- ap*q*)[a; pli[b; qlb™*
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And
_ [c.arVe, —a1ve dye, f qu]iar
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in (A) and making use of(D) and (E), we get
706 [b: apq;a:dq;"/c,eqi"/c,fqi"/c,q1"; 4, 04,0, q1; 1/ b]
—a:ap/b:qi"/c,qi1"/d,q;1"/e,ai" / f
_[ap; qln[bg; qlnlq1,cqi/d dq. /e, dq,/f 5 q1]n
lap / b; p]nlq; qlnlcq1,dq1, eq1, fq1; G111, D™
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X 807
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(v) Again, if we set
(1 —ap*q")(1 — bp*q")[a, b; pli[c,a / bc; qleg”

a, =
And
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d=efg

in (A) and use (D) and (F), we get

1009 [

c,a/bc:apq;bp/q:a,b:eqi"/d,fqi"/d,gq;"/d,q1 ,q,pq,p/q”p,ql,q]
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_ lap,bp; qlu[cq,aq / be;qlalqr, dar /e, dar/f,dq1 /95 Qaln
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X 1099

d,qVd,—qVd,e,f,g:q", bq™/a:cq™"/a,p™/bc; q1, 4, P; q1l
Vd,—Vd,dq,/e,dq,/f,dq./g:q7"/c,bcq /a:p™/a,p™" / b

Conclusion
The g technique can be used in a wide variety of situations. For example, it's employed in
subjects like solid state theory, mechanical engineering and operational calculus, as well as

in quan

tum theory, cosmology, Lie theory and linear algebra.
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